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Abstrat
The potential global topologial obstrutions to the tetrad approah
to nding the quasi-loal onserved quantities, assoiated with losed,
orientable spaelike 2-surfaes S , are investigated. First we show that
the Lorentz frame bundle is always globally trivializable over an open
neighbourhood U of any suh S if an open neighbourhood of S is spae
and time orientable, and hene a globally trivializable SL(2,C) spin frame
bundle an also be introdued over U . Then it is shown that all the
spin frames belonging to the same spinor struture on S have always the
same homotopy lass. On the other hand, on a 2-surfae with genus g
there are 22g homotopially dierent Lorentz frame elds, and there is a
natural one-to-one orrespondene between these homotopy lasses and
the dierent SL(2,C) spinor strutures.
1 Introdution
It is known that, just beause of the omplete dieomorphism invariane of
the theory, nding the appropriate notion of energy-momentum and angular
momentum of gravitating systems in general relativity is highly non-trivial.
(For a reent review see e.g. [1℄.) One possible approah to nding them is
based on the tetrad formulation of GR. (Though the basi idea of using tetrad
elds already appeared even in the early 1950s, the rst who systematially
investigated the onserved quantities in this formalism was probably Møller [2℄.
This formalism has a long history with extended bibliography, in whih many
of the lassial results are redisovered from time to time. However, instead
of giving a omplete bibliography of the eld, we refer only to the reviews
[3, 4℄. Some of the huge number of papers using tetrad formalism and giving an
extended list of referenes are [5, 6, 7, 8, 9, 10, 11, 12℄.)
In this approah the basi eld variable is the (for the sake of simpliity,
orthonormal) vetor basis (or tetrad eld) {Eaa }, a = 0, ..., 3. The advantage
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of this approah is that although the standard expression for the ontravariant
form ταβ of the anonial energy-momentum, derived from Møller's Lagrangian
in some loal oordinate system {xα}, is only pseudotensorial, the anonial
spin σµαβ and the anonial Noether urrent, built from ταβ and σµαβ as
Cµ
[
K
]
:= τµβKβ +
(
σµ[αβ] + σα[βµ] + σβ[αµ]
)
∂αKβ (1.1)
with any vetor eld Ka, are independent of the atual oordinate system, i.e.
they are tensorial [8, 9℄. This urrent an be derived from a superpotential ∨eab
through κCa[K]−GabKb = 12∇b(Ke∨e ab), whih is also tensorial and is known
as Møller's superpotential [2, 3℄. (Here κ := 8πG with Newton's gravitational
onstant G, and we use the onventions in whih Einstein's equations take the
form Gab = −κTab.) Moreover, the tensorial nature of ∨eab makes it possible
to introdue a tensorial energy-momentum too [8, 9℄. Nevertheless, the nal
expressions still do depend on the atual hoie of the tetrad eld.
However, there is another (and always overlooked) potential diulty in this
approah. Namely, the basi eld variable is dened only on an open subset
U ⊂ M of the spaetime manifold, e.g. when U is ontratible, but in general
suh a U annot be extended to the wholeM . Thus though the urrent Ca[K] is
a genuine vetor eld, it is dened only on the domain of the tetrad elds. The
obstrution to the globality of suh a tetrad eld is the global non-triviality of
the orthonormal frame bundle B(M,O(1, 3)) over the spaetime manifold. Sine
in general this bundle is not trivial, the resulting expression for the gravitational
energy-momentum density has the extra limitation that it is dened only on the
loal trivialization domains of the frame bundle.
Instead of the orthonormal frames we ould use normalized spin frames {EAA },
A = 0, 1, too (see e.g. [5, 13℄). Let us onsider the orthonormal frame eld to
be built from the spin frame, Eaa = σ
AA ′
a EAA E¯A
′
A ′ , where σ
AA ′
a are the standard
SL(2,C) Pauli matries divided by
√
2 (see e.g. [14℄). Then, ombining results
of [13℄ and of [8, 9, 1℄, for the dual of Møller's tensorial superpotential we obtain
the following remarkable expression
1
4
σ
a
AB ′
Eea ∨e ab
1
2
εabcd = u
(EA , E¯B ′
)
cd
+ u
(EB , E¯A ′
)
cd
, (1.2)
where overline denotes omplex onjugation and u(λ, µ¯)cd :=
i
2 (µ¯C′∇DD′λC −
µ¯D′∇CC′λD) is known as the SL(2,C) spinor form of the NesterWitten 2-form.
However, the use of spinors does not improve the frame dependene of the loal
energy-momentum expressions: the superpotential (1.2) still depends essentially
on the atual spin frame. Indeed, as in the previous paragraph, it is dened
only in the loal trivialization domains of the spin frame bundle. Moreover, in
the spinor approah, rst we would have to ensure the existene of spinors (in
the form of a spinor struture).
This diulty is more manifest if we want to assoiate the onserved quan-
tities with extended domains of spaetime, i.e. when they are intended to be
introdued globally or quasi-loally [1℄. In partiular, the tensorial superpoten-
tial for the anonial Noether urrent (1.1), i.e. the 2-form Ke 14 ∨e ab 12εabcd,
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ould be integrated on a losed, orientable spaelike 2-surfae S to obtain a
potentially reasonable quasi-loal energy-momentum and angular momentum
expression only if S is in a loal trivialization domain of the frame bundle.
However, it is not a priori obvious that any suh 2-surfae is in a trivialization
domain, e.g. when S has large genus or surrounds some spaetime singularity
(and, in partiular, when it is not the boundary of some ompat subset of M ,
and hene it is not ontratible). If it were, then equation (1.2) would yield
a natural Lagrangian interpretation to all the quasi-loal energy-momentum ex-
pressions that are based on the NesterWitten 2-form: they are harge integrals
of Noether urrents derived from Møller's tetrad Lagrangian.
For the global trivializability of B(M,O(1, 3)) over the whole spaetime man-
ifold M Geroh gave neessary and suient onditions [15℄: (M, gab) must ad-
mit a spinor struture, whih ondition in a time and spae orientable spaetime
is known to be equivalent to the vanishing of the seond StiefelWhitney lass
of M [16, 17, 14℄. (For a number of suient onditions of the existene of
a spinor struture, e.g. the global hyperboliity, see [18℄.) However, from the
point of view of quasi-loal quantities it would be enough if we ould ensure
that the 2-surfae S is in some loal trivialization domain of the Lorentz or spin
frame bundles, independently of the global topologial properties of subsets of
M that are `far' from our 2-surfae. Thus now we are interested only in the
quasi-loal trivializability of the frame bundle B(M,O(1, 3)).
If S is in suh a domain, then the next question is how to hoose the global
frame eld. The frame should not be xed, onstant basis (or gauge) transfor-
mations must be allowed. A remarkable property of the integral of the super-
potential 2-form Ke 14 ∨e ab 12εabcd on S is that it depends only on the value of
the tetrad eld on S, but independent of the way in whih it is extended o the
2-surfae. In partiular, it is an algebrai expression of Ka and the tetrad eld
and its rst derivative tangential to S. Thus we need a gauge ondition, e.g. in
the form of a system of linear partial dierential equations only on S, admitting
a six parameter family of solutions, and yielding the rotational freedom of the
onstant orthonormal basis of Minkowski spaetime. Therefore, it is natural to
expet that the gauge ondition, as a dierential equation, is built up only from
the intrinsi and extrinsi geometry of the 2-surfae.
The general strategy to prove the existene of its solutions ould be to searh
for the `preferred' frame in the form Eaa = 0E
a
bΛ
b
a , where {0Eaa } is a xed frame
eld and Λ : S → SO0(1, 3), a spae and time orientation preserving Lorentz
matrix valued funtion on S. The alulations would be simpler if we ould
write Λa b = exp(λ)
a
b := δ
a
b +λ
a
b +
1
2λ
a
c λ
c
b + ... for some so(1, 3) Lie algebra
valued funtion λ : S → so(1, 3). However, this an be done preisely when the
homotopy lass of the frame elds {0Eaa } and {Eaa } is the same, e.g. when every
ontinuous map Λ : S → SO0(1, 3) is homotopi to the identity transformation.
(Here SO0(1, 3) denotes the onneted omponent of the Lorentz group O(1, 3).)
If we use spinors then there is the additional diulty that there might
be dierent spinor strutures. Then the `preferred' spin frame eld an be
written as EAA = 0EABAB A for some given spin frame eld {0EAA } and gauge
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transformation AA B = exp(a)
A
B := δ
A
B + a
A
B +
1
2a
A
C a
C
B + ... with some
a : S → sl(2,C) preisely when the spin frames {0EAA } and {EAA } belong to the
same spinor struture and have the same homotopy lass. Thus we should know
the dierent SL(2,C) spinor strutures and the homotopy lasses of the global
Lorentz and SL(2,C) spin frame elds (or, equivalently, of the Lorentz and spin
gauge transformations) on S.
The aim of the present paper is to larify the spei global problems raised
in the previous paragraphs. In partiular, we want to nd the onditions un-
der whih the quasi-loal onserved quantities an be introdued in the tetrad
formalism of general relativity even without imposing all the usual global topo-
logial restritions on the whole spaetime. We will show that an orientable
losed spaelike 2-surfae S is always ontained in a trivialization domain U of
the orthonormal frame bundle if at least an open neighbourhood of S is spae
and time orientable, and hene a trivializable spin frame bundle an also be
introdued over U . Thus the `quasi-loal trivializability' of the Lorentz frame
bundle is ensured by the orientabilities: in addition to the orientability of the
2-surfae and the time and spae orientability of some open neighbourhood of
the 2-surfae no extra global topologial restrition is needed (in ontrast to the
global trivializability of the frame bundles over the whole spaetime manifold).
In partiular, in the tetrad approah to general relativity the quasi-loal on-
served quantities may be assoiated with a given 2-surfae even if the Lorentz
frame bundle is not globally trivializable over the whole spaetime manifold (an
example for suh a spae and time orientable spaetime is given in [19℄), or even
if the spaetime is not globally spae and time orientable. We larify the homo-
topy lasses of the globally dened Lorentz and SL(2,C) gauge transformations
on S too. We nd that in a given spinor struture there is always one homotopy
lass of the spin gauge transformations. However, on surfaes with genus g,
there are 22g dierent homotopy lasses of the Lorentz gauge transformations,
and these are in a natural one-to-one orrespondene with the dierent SL(2,C)
spinor strutures. Thus, in the onstrution of the quasi-loal onserved quan-
tities on topologial 2-spheres in the tetrad formalism none of the obstrutions
above an our, and both the `preferred' spin and Lorentz frames an always
be searhed for in the form EAA = 0EAB exp(a)B A and Eaa = 0Eab exp(λ)b a , re-
spetively, even for any xed 0EAB and 0Eab and some a : S → sl(2,C) and
λ : S → so(1, 3). On the other hand, for higher genus (g ≥ 1) surfaes a hoie
for the spinor struture, or, equivalently, for the homotopy lass of the Lorentz
frame eld, must also be made. This hoie should be a part of the gauge
ondition.
In the next setion we reall some known fats about the global properties
of losed orientable 2-surfaes S that we need in what follows, and briey dis-
uss the normal bundle of suh spaelike 2-surfaes in M . Then, in setion 3,
the global trivializability of the Lorentz and spin frame bundles over an open
neighbourhood U of arbitrary losed, orientable spaelike 2-surfaes is proven.
Finally, in setion 4, the homotopy lasses of the global frame elds, or, equiva-
lently, of the global spin and Lorentz basis transformations on these 2-surfaes
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are determined.
Here we adopt the abstrat index formalism of [14℄, and only underlined
indies take numerial values. Our basi dierential geometri referene is [20℄,
and we use the terminology of [21℄ in homotopy theory.
2 Closed spaelike 2-surfaes
Let S be a losed, orientable two-dimensional smooth manifold, and let g de-
note its genus. Sine the geometry of the dierent onneted omponents of S
are independent of eah other, for the sake of simpliity (and without loss of
generality) we assume that S is onneted.
If g ≥ 1, then let {ai, bi}, i = 1, ..., g, be a anonial homology basis on
S; i.e. they are losed, homotopially inequivalent nonontratible urves on
S. Then the fundamental group of S is π1(S) = 〈ai, bi|
∏g
i=1 ai · bi · a−1i · b−1i
= 1 〉; i.e. π1(S) is generated by the 2g elements ai, bi with the only relation
that the produt of all the ommutants ai · bi ·a−1i · b−1i is homotopially trivial.
(Here a · b denotes the omposition of the losed urves a and b in the sense
of homotopy theory, and 1 is the identity element of the fundamental group,
being represented by a losed urve in S homotopi to a point.) Sine the rst
homology group (with integer oeients), H1(S), is the abelianization of π1(S),
the form of its general element in additive notation is
∑g
i=1(m
iai+n
ibi) for some
mi, ni ∈ Z. Then any group homomorphism φ : H1(S) → Z2 is haraterized
ompletely by the values φ(ai) and φ(bi). Therefore, the ohomology group
H1(S,Z2) = Hom(H1(S),Z2), onsisting of all the group homomorphisms of
H1(S) into Z2, has 22g elements [22℄.
Next suppose that S is embedded as a smooth spaelike submanifold in the
Lorentzian spaetime manifold M . Let ta and va be timelike and spaelike
unit normals to S, respetively, satisfying tava = 0. Obviously, these unit
normals are not unique, sine there is a gauge freedom (ta, va) 7→ (ta coshu +
va sinhu, ta sinhu + va coshu) for any funtion u : S → R. However, Πab :=
δab − tatb + vavb is well dened: it is the orthogonal projetion to S (by means
of whih e.g. the indued metri is dened as qab := Π
c
aΠ
d
bgcd).
Theorem 2.1 If S is orientable and an open neighbourhood of S in M is time
and spae orientable (whih we assume in what follows), then the unit normals
ta and va an (and, in the present paper, will) be hosen to be globally well
dened on S with future pointing ta and (whenever dened) outward pointing
va.
Proof: Let W ⊂ M be an open neighbourhood of S whih is time and spae
orientable. Then the existene of a globally dened timelike normal ta follows
diretly from the time orientability of W . By the orientability of S there is
a nowhere vanishing area 2-form εab on S, and from the time and spae ori-
entability of W its orientability, and hene the existene of a nowhere vanishing
volume 4-form εabcd on W , follows. Then v
a := ± 12εabcdtbεcd, depending on the
hoie of the orientation, is the desired globally dened spaelike normal. 
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A simple onsequene of this theorem is that an open neighbourhood U ⊂M
of S an be foliated by smooth spaelike hypersurfaes Σt, t ∈ (−τ, τ) for some
τ > 0, suh that the leaves of this foliation are homeomorphi to S × (−ǫ, ǫ),
ǫ > 0, and S is embedded in Σ0 as (S, 0). Hene U is homeomorphi to S ×
(−ǫ, ǫ)× (−τ, τ), and thus its homotopy retrat is S.
By Theorem 2.1 the normal bundle NS of S is globally trivializable, and
this trivialization is provided by the globally dened normals {ta, va}. Va(S),
the restrition to S of the tangent bundle TM ofM , has a gab-orthogonal global
deomposition: it is the diret sum of the tangent and normal bundles of the
2-surfae, Va(S) = TS ⊕NS. In the next setion we will see that Va(S) is also
globally trivializable, but this does not imply that the tangent bundle TS is also
globally trivializable unless S is a torus.
The triple (Va(S), gab,Πab ) will be alled the Lorentzian vetor bundle over
S. The bundle of frames adapted to S, i.e. the set of the orthonormal frames
{eaa }, where ea1 and ea2 are tangent, while ea0 and ea3 are orthogonal to S, is
an SO(2) × SO(1, 1) prinipal bre bundle, and is not globally trivializable in
general. Its double overing spin frame bundle is just the GHP frame bundle
with the struture group GL(1,C). For some of its global properties see [23℄.
3 The triviality of the Lorentz and spin frame
bundles over a neighbourhood of S
By our assumption an open neighbourhood W ⊂ M of S is spae and time
orientable, and hene the restrition B(W,O(1, 3)) of the orthonormal frame
bundle B(M,O(1, 3)) to W is reduible to its subbundle B(W,SO0(1, 3)). By
the next proposition its restrition to an appropriate open neighbourhood U ⊂
W of S is isomorphi to a produt bundle:
Theorem 3.1 There exists an open neighbourhood U ⊂ M of S suh that the
prinipal bre bundle B(U, SO0(1, 3)) is globally trivializable over U .
Proof: By the rst onsequene of Theorem 2.1 S has an open neighbourhood
U whih is foliated by smooth spaelike hypersurfaes Σt, and let t
a
denote
their future pointing unit timelike normal. Sine any orientable 3-manifold is
parallelizable [24℄ (see also [21℄), there exists a globally dened orthonormal triad
eld {Ea1 , Ea2 , Ea3} on Σ0. Extending this triad eld along the integral urves of
the timelike normal vetor eld ta in some smooth way to the other leaves of
the foliation, {ta, Ea1 , Ea2 , Ea3} provides a global trivialization of B(U, SO0(1, 3))
on U . 
Therefore, on some open spae and time orientable neighbourhood of every
losed, orientable 2-surfae S the anonial Noether urrent and the orrespond-
ing tensorial superpotential are always well dened.
The trivializability of B(U, SO0(1, 3)) implies the existene of a globally
trivializable prinipal bre bundle B˜(U, SL(2,C)) and a base point preserving
surjetive 21 bundle map E : B˜(U, SL(2,C)) → B(U, SO0(1, 3)) taking the
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right ation of SL(2,C) on B˜(U, SL(2,C)) to the right ation of SO0(1, 3) on
B(U, SO0(1, 3)). Thus E denes a spinor struture on the tangent bundle TU
of U , onsidered to be a spaetime manifold on its own right. Nevertheless,
in general there might be other, inequivalent spinor strutures on TU , labeled
by the elements of the ohomology group H1(U,Z2) = H
1(S,Z2). Hene the
number of the inequivalent spinor strutures on TU is 22g. By the next state-
ment, however, the orresponding spin frame bundles as abstrat priniple bre
bundles over U are all isomorphi to the trivial one.
Theorem 3.2 Any SL(2,C) prinipal bre bundle over U is globally trivializ-
able.
Proof: First we show that any SU(2) prinipal bundle over U is globally triv-
ializable. Thus let B(U, SU(2)) be any suh bundle, let Σt be a foliation of
U by smooth spaelike hypersurfaes, and let ξa be a vetor eld on U suh
that ξa is nowhere tangent to the leaves Σt and the orresponding loal 1-
parameter family φt of dieomorphisms maps the leaves of the foliation to
leaves. Then, using this φt, every point of U an be represented by a pair
(t, p), where p ∈ Σ0. It is known (see problem 18 of leture 4 in [25℄) that
every SU(2)-bundle over an orientable 3-manifold is globally trivializable, and
hene admits a global ross setion. (For a proof of this trivializability, us-
ing the triangulability of Σ0, the arwise onnetedness of SU(2) and that
π1(SU(2)) = 0 and π2(SU(2)) = 0, see 29 of [21℄.) Thus let B(Σ0, SU(2))
be the restrition of B(U, SU(2)) to Σ0, and let σ0 : Σ0 → B(Σ0, SU(2)) be
a global ross setion. Then σ : U → B(U, SU(2)) : (t, p) 7→ σ0(p) is a global
ross setion of B(U, SU(2)), i.e. the bundle B(U, SU(2)) is trivializable over
U . However, this implies the global trivializability of any prinipal bre bundle
B(U, SL(2,C)) too, beause any global ross setion of any of its redued sub-
bundle B(U, SU(2)) ⊂ B(U, SL(2,C)) is a global ross setion of B(U, SL(2,C))
as well. 
Another way of proving the trivializability of the spin frame bundle over
U ould be based on Geroh's theorem [15℄: by theorem 3.1 U , as a spaetime
manifold, admits a globally dened orthonormal tetrad eld, and hene it admits
a spinor struture in the form of a globally trivializable SL(2,C)-spin frame
bundle.
Let us x a spinor struture E on TU and let SA(U) be the vetor bundle
assoiated to B˜(U, SL(2,C)) with the natural ation of SL(2,C) on C2. Let
εAB be the sympleti bre metri thereon inherited through E. By the triv-
ializability of B˜(U, SL(2,C)) the vetor bundle of unprimed spinors, SA(U), is
also globally trivializable. In general, however, the spinor struture E does not
neessarily oinide with the restrition to U of the spaetime spinor struture
(even ifM admits a spinor struture). By the global trivializability of SA(U) (or
rather of B˜(U, SL(2,C))) there exist globally dened (normalized) spin frame
elds {EAA } on U . The map E links the global Lorentz and spin frames on U in
the standard way: σ
AA ′
a EAA E¯A
′
A ′ is identied with an orthonormal Lorentz frame
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eld Eaa (as it was already done in the introdution in onnetion with equation
(1.2)).
4 The homotopy lasses of the Lorentz and spin
frame elds on S
Obviously, the theorems of the previous setion imply the global trivializability
of the pulled bak prinipal bundles B(S, SO0(1, 3)), B˜(S, SL(2,C)) and of the
vetor bundles Va(S) and SA(S) to the 2-surfae S, too; and the number of the
inequivalent spinor strutures on Va(S) is 22g (for the general notion of a spinor
struture on a vetor bundle, see e.g. [26℄). However, it might be worth noting
that sine any losed orientable 2-surfae S an be triangulated and SL(2,C)
is arwise onneted and simple onneted, any SL(2,C) prinipal bundle over
any suh S is always globally trivializable (see 29 of [21℄).
In the present setion we larify the homotopy properties of the globally
dened basis transformations Eaa 7→ EaaΛa b and EAA 7→ EAAAA B on the 2-
surfae, where Λ : S → SO0(1, 3) and A : S → SL(2,C), as maps from S
into the groups in question, are smooth. If S is homeomorphi to S2, then
the homotopy lasses of these transformations dene just the seond homotopy
groups π2(SO0(1, 3)) and π2(SL(2,C)), respetively (see [21℄), whih are well
known to be trivial. Next we larify these homotopy lasses on 2-surfaes with
g ≥ 1.
Theorem 4.1 Any smooth map A : S → SL(2,C) is homotopi to the identity
map I : p 7→ diag(1, 1).
Proof: First reall that the homotopy retrat of SL(2,C) is S3, and hene we
should determine the homotopy lasses only of the smooth maps A : S → S3.
Sine S is two dimensional and A is smooth, it annot be surjetive. Thus there
is a point n ∈ S3 − A(S), and let us introdue the standard polar oordinates
(r, θ, φ) on S3 −{n} with the `north pole' at n. If in these oordinates the map
A is given by p 7→ (r(p), θ(p), φ(p)), then let us dene the 1-parameter family of
smooth maps At : S → S3 by At(p) := (t r(p), θ(p), φ(p)) for any t ∈ [0, 1]. But
this is a smooth homotopy between A and the onstant map taking all points
of S into the `south pole' (0, undetermined, undetermined) of S3. 
Therefore, any globally dened gauge transformation A : S → SL(2,C) is
homotopi to the identity transformation, and hene any suh transformation
is globally generated by a Lie algebra valued funtion a : S → sl(2,C) via
AA B = exp(a)
A
B . To larify the homotopy properties of the Lorentz gauge
transformations Λ : S → SO0(1, 3) too, reall that topologially SO0(1, 3) is
SO(3)× R3 ≈ RP 3 × R3, and hene its fundamental group is Z2.
Theorem 4.2 If the genus of S is g, then there are preisely 22g homotopially
dierent gauge transformations Λ : S → SO0(1, 3).
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Proof: Sine the homotopy retrat of SO0(1, 3) is SO(3), it is enough to prove
the statement for pure rotations. Thus let Λ : S → SO(3) be any given global
gauge transformation. If γ is any losed urve in S, then Λ ◦ γ is a losed urve
in SO(3), and let us dene the index iΛ(γ) of γ with respet to Λ to be 1 if
Λ ◦ γ is homotopi to zero in SO(3), and to be 1 otherwise. It is easy to
see that iΛ(γ) = iΛ(γ
′) if γ and γ′ are homotopi in S. Moreover, sine the
homotopy lass [Λ ◦ (γ · γ′)] is just the produt [Λ ◦ γ][Λ ◦ γ′] in π1(SO(3)), it
follows that iΛ(γ · γ′) = iΛ(γ)iΛ(γ′) for any two losed urves γ and γ′ with
ommon endpoints. This implies that the index denes a group homomorphism
iΛ : π1(S) → π1(SO(3)) ≈ Z2. Next we show that two gauge transformations,
say Λ and Λ′, are homotopi preisely when iΛ(γ) = iΛ′(γ) for any losed γ.
To see this, suppose rst that Λ and Λ′ are homotopi; i.e. there is a 1-
parameter family of gauge transformations Λt : S → SO(3) suh that S ×
[0, 1] → SO(3) : (p, t) 7→ Λt(p) is ontinuous and Λ(p) = Λ0(p), Λ′(p) = Λ1(p)
for any p ∈ S. Then for any t ∈ [0, 1] and losed urve γ in S the map
Λt ◦ γ : S1 → SO(3) denes a losed urve in SO(3). Then, however, Λ ◦ γ
and Λ′ ◦ γ are homotopi in SO(3) with the homotopy Λt ◦ γ between them.
Therefore, iΛ(γ) = iΛ′(γ).
Conversely, let Λ and Λ′ be global gauge transformations suh that iΛ(γ) =
iΛ′(γ) for any losed urve γ. We will onstrut a homotopy between Λ and Λ
′
.
Let p0 ∈ S be a point where Λ(p0) 6= Λ′(p0). (We may assume the existene of
suh a point, beause otherwise the two transformations would be the same.)
Let γ : S1 → S : s 7→ γ(s) be an arbitrary losed urve with the starting and end
point p0 = γ(0) = γ(1). Then sine iΛ(γ) = iΛ′(γ), the losed urves Λ◦γ, Λ′◦γ :
S1 → SO(3) are homotopi, and hene there exists a ontinuous map Γ : S1 ×
[0, 1]→ SO(3) suh that Γ(s, 0) = Λ◦γ(s) and Γ(s, 1) = Λ′◦γ(s) for any s ∈ S1.
In partiular, this map denes the ontinuous urve t 7→ Γ(0, t) in SO(3) from
Λ(p0) to Λ
′(p0). Then there exists a uniquely determined 1-parameter subgroup
t 7→ R(p0, t) of SO(3) suh that R(p0, 0) = Id, R(p0, 1) = (Λ(p0))−1Λ′(p0)
and the urve Λt(p0) := Λ(p0)R(p0, t) between Λ(p0) and Λ
′(p0) is homotopi
to t 7→ Γ(0, t). (Here (Λ(p0))−1 is the inverse of the group element Λ(p0) in
SO(3).) However, this Λt(p0) an be uniquely extended to a ontinuous family
of urves Λt(p), p = γ(s), joining Λ(p) = Λ0(p) to Λ
′(p) = Λ1(p). Note that this
extension to all along γ is globally possible just by the homotopy between Λ ◦ γ
and Λ′ ◦ γ. In fat, Λt(γ(s)) is another homotopy (being equivalent to Γ(s, t)
above), but, apart from its overall orientation, it is ompletely determined by
the two gauge transformations Λ and Λ′. Finally, deforming the losed urve
γ throughout S and omposing it with other urves γ′ we obtain a ontinuous
map Λt : S → SO(3), t ∈ [0, 1], whih denes a homotopy between the gauge
transformations Λ and Λ′.
Therefore, there is a natural one-to-one orrespondene between the homo-
topy lasses of the gauge transformations Λ and the group homomorphisms
iΛ : π1(S) → π1(SO(3)) ≈ Z2. If g = 0, then, as we already saw, there is
only one suh homotopy lass. Thus we may assume that g ≥ 1. To deter-
mine the number of the group homomorphisms iΛ, let us use the anonial
homology basis {ai, bi}, i = 1, ..., g, of S. Then iΛ is haraterized ompletely
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by the values iΛ(ai) and iΛ(bi). Sine iΛ is a homomorphism and Z2 is om-
mutative, iΛ(ai)iΛ(bi)iΛ(a
−1
i )iΛ(b
−1
i ) = 1 holds for all i = 1, ..., g, and hene∏g
i=1 ai · bi · a−1i · b−1i = 1 does not give any restrition on the values iΛ(ai) and
iΛ(bi). Hene the number of the homomorphisms π1(S) → Z2, i.e. the number
of the homotopy lasses of the global Lorentz gauge transformations is 22g. 
Therefore, in ontrast to the SL(2,C) transformations, the general Lorentz
transformations on a 2-surfae with genus g ≥ 1 annot be written as exp(λ)a b
for some λ : S → so(1, 3), beause these are all homotopi to the identity
transformation (the homotopy is exp(t λ), t ∈ [0, 1]). Consequently, a general
Lorentz gauge transformation neessarily has the form exp(λ)a bΛ
b
(k)c , where
Λ
a
(k)b , k = 1, ..., 2
2g
, are xed gauge transformations with dierent homotopy
lasses. (Of ourse, one of them an be hosen to be the identity transformation.)
Sine the number of the dierent spinor strutures and the number of the
homotopy lasses of the Lorentz gauge transformations is 22g for any g, one
might onjeture that there is a deeper onnetion between the SL(2,C) spinor
strutures and the homotopy lasses of the Lorentz gauge transformations. The
next theorem states that this expetation is orret.
Theorem 4.3 There is a natural one-to-one orrespondene between the spinor
strutures on Va(S) and the homotopy lasses of the global orthonormal frame
elds in Va(S).
Proof: Let {EAA } be a normalized spin frame in a given spinor struture, and
let A : S → SL(2,C) be any spin gauge transformation. By Theorem 4.1 this
is homotopi to the identity transformation, and hene there is a 1-parameter
family of SL(2,C) transformations, At : S → SL(2,C), t ∈ [0, 1], suh that
A0(p) = diag (1, 1) and A1(p) = A(p) at every p ∈ S. Then, however, the
orresponding Lorentz gauge transformation, Λ
a
t b := σ
a
AA ′
A
A
t B A¯
A ′
t B
′σ
BB ′
b ,
is a homotopy between Λ
a
1 b and the identity transformation. Therefore, the
spinor struture with any spin frame {EAA } determines the homotopy lass of
the orthonormal Lorentz frame eld Eaa := σ
AA ′
a EAA E¯A
′
A ′ .
Conversely, suppose that the Lorentz frames determined by the normalized
spin frames {EAA } and {E˜AA } are homotopi. Then, however, we an always
nd a gauge transformation A : S → SL(2,C) suh that {EAA } and {E˜AAAA B }
determine the same Lorentz frame. Thus, without loss of generality, we an
assume that {EAA } and {E˜AA } dene the same Lorentz frame, and hene E˜AA =
±EAA . However, EAA and −EAA are homotopi spin frames, and hene they belong
to the same spinor struture. Therefore, the orrespondene between the spinor
strutures and the homotopy lasses of the Lorentz frames is indeed one-to-one.

In partiular, there are four homotopially dierent global frame elds and
four dierent spinor strutures on the Lorentzian vetor bundle Va(S) over a
torus S ≈ S1 × S1. To see them, let S be a standard torus of radii R and r,
given expliitly by t = 0, x = (R + r cosφ) cosΦ, y = (R + r cosφ) sin Φ and
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z = r sinφ, R > r > 0, in the Cartesian oordinates of the Minkowski spaetime.
Then one frame eld an be the restrition to S of the onstant Cartesian frame
eld {Eaa } := {( ∂∂t )a, ..., ( ∂∂z )a}. The vetors of the seond may be ea0 := Ea0 ,
ea1 :=
1
R+r cosφ (
∂
∂Φ)
a
, ea2 :=
1
r
( ∂
∂φ
)a and ea3 := ε
a
bcde
b
0e
c
1e
d
2. Then the spatial
basis vetors of these frames are onneted with eah other by
ea1 = − sin(Φ)Ea1 + cos(Φ)Ea2 ,
ea2 = − sin(φ) cos(Φ)Ea1 − sin(φ) sin(Φ)Ea2 + cos(φ)Ea3 , (4.1)
ea3 = cos(φ) cos(Φ)E
a
1 + cos(φ) sin(Φ)E
a
2 + sin(φ)E
a
3 .
For the third and the fourth frames we hoose e˜aa := (e
a
0 , e˜
a
1 , e˜
a
2 , e
a
3) and ˜˜e
a
a :=
(ea0 , ˜˜e
a
1 ,
˜˜ea2, e
a
3), respetively, where
e˜a1 := cos(Φ)e
a
1 + sin(Φ)e
a
2 , e˜
a
2 := − sin(Φ)ea1 + cos(Φ)ea2 ; (4.2)
˜˜ea1 := cos(φ)e
a
1 + sin(φ)e
a
2 ,
˜˜ea2 := − sin(φ)ea1 + cos(φ)ea2 . (4.3)
In the Cartesian oordinates for the anonial homology basis we hoose the
urves a(Φ) := (0, R cos(Φ), R sin(Φ), r) and b(φ) := (0, R+r cos(φ), 0, r sin(φ)).
Then by (4.1) the basis {eaa } undergoes a omplete 2π rotation with respet to
{Eaa } in the 2-planes spanned by Ea1 and Ea2 , and in the 2-planes spanned
by Ea1 and E
a
3 along the urves a and b, respetively. Similarly, by (4.2) the
frame {e˜aa } undergoes a 2π rotation with respet to {eaa } along a, but remains
unrotated along b; while {˜˜eaa } is rotated with respet to {eaa } along b, but
remains unrotated along a. Thus, denoting the Lorentz matries orresponding
to (4.1), (4.2) and (4.3), respetively, by Λ, Λ˜ and ˜˜Λ, for the index of the losed
urves a and b we obtain that iΛ(a) = iΛ(b) = −1, iΛ˜(a) = −iΛ˜(b) = −1 and
i ˜˜Λ
(a) = −i ˜˜Λ(b) = 1, indiating that no two of the four Lorentz frames above
are homotopi.
It is easy to see that the spin frames {EAA }, {εAA }, {ε˜AA } and { ˜˜εAA } orrespond-
ing to the Lorentz frames {Eaa }, {eaa }, {e˜aa } and {˜˜eaa }, respetively, belong to
dierent spinor strutures. For example, if, on the ontrary, we assume that
{εAA } and {ε˜AA } belong to the same spinor struture, then these spin frames
would have to be onneted by a globally dened SL(2,C) transformation A˜.
Apart from an overall sign, this would be xed by (4.2), and would be given
by diag(exp( i2Φ), exp(− i2Φ)), yielding at the ommon starting and end point
a(0) = a(2π) of the losed urve a that ε˜AA (a(0)) = −ε˜AA (a(2π)).
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